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Chapter 2
Vector Spaces - An Introduction
A vector space over ascaar field 7 (in our work, we use both the real numbers ® or the
complex numbers ¢ as scaars) is a nonempty set of elements, called vectors, with two laws of
combination: vector addition and scalar multiplication. Vector addition must satisfy
1. Toevery X and Y in vector spaceV, thereisaunique sumvector Z1 V suchthat Z = X +
Y (i.e., the spaceis closed under vector addition).
2. Vector addition is associative: (X +Y) +Z=X + (Y + 2).
3. A zero vector exists with the property 0 + X = X for al X1 V. Vector O is the identity
element under vector addition.
4. For each X1 V thereexists-X1 V such that X+ (-X) = 0.
5. Addition is commutative: X +Y = Y+ X.
Scalar multiplication must satisfy
6. To every sclar a 1 # and vector X1 V there is a unique vector aXi V (i.e., the space is
closed under scalar multiplication).
7. Scalar multiplication is associative: a (bX) = (ab)X foral XI Vand a, b1 7.
8. Scalar multiplication is distributive with respect to vector addition: a(X +Y)=aX + aY.
9. Scalar multiplication is distributive with respect to scalar addition: (a+b)X = aX+ bX.
10. The unit lement 1T # isthe identity element for scalar multiplication: 1X = X foral X T V.

Linear Dependence/l ndependence

Vectors Xy, X», ... , X, are said to be linearly independent if there existsa; I #, not all
zero, with the property a,;X; + a-Xo, ... + aXn, = 0. That is, the vectors are linearly dependent
(or dependent) if a non-trivial linear combination sums to the zero vector. If Xy, X, ... , X, are
not linearly dependent, they are said to be linearly independent (or independent). If Xy, Xo, ...
X, are independent, then a,X; + a>X, ... + anXn = 0 impliesthat a; =a, = ... =a, = 0.

If the maximal number of independent vectorsin space V isfinite (say n), then V is said to

be finite dimensional, and n is said to be the dimension of V. There are many important vector
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gpaces that are not finite dimensional. The general theory of Fourier series, and much of
communication and control theory, has an infinite dimensional space asits natura setting. In this
course, we consider only finite dimensional spaces over the rea number field or the complex
number field.
Span

Let A denote any subset of vector space V. The set spanned by A consists of all possible
linear combinations of vectorsin A. It is denoted by Span(A).
Notes:
1) Al Span(A)
2) If Aand B are sets of vectorswith A1 B then Span(A) I Span(B).
3) If afinite set X1, X, ... , Xn spans V then every linearly independent set contains at most n
vectors.

A linearly independent set that spans 'V iscaled abasisof V.
Notes:
1) If avector space V has a basis with n elements, then all other bases have the same number n of
vectors. Integer nissaid to be the dimension of the vector space.
2) In an n-dimensional space, any set containing n+1 or more vectorsis linearly dependent.
3) In afinite dimensional space, any linearly independent set of vectors can be extended to a basis.

Vector Representation

Letay, ay, ..., a, denoteabasisof V. Let X be any vector in V. We can represent uniquely

X1 X1
- X2 n - - - - X2
X = S= é Xai :[al a an] : (2-1)
=1
Xn Xn

for some set of scalars xy, %o, ... , X,. Thescalars x, %o, ... , X, are caled the coordinates of X. In
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what follows, coordinates will be denoted by italicized, lower case letters. The quantity [Xi, Xz, ...
, ;" is a coordinate vector; it can only be used in (2-1) to represent vector X once an underlying
basis has been identified.

Thisis where the notation gets alittle confusing. Wewrite X = [Xy, Xz, ... , Xi] ', Where x,
1 £ k £ n, are the components of X. On the other hand, we write X asin (2-1) where [xy, %, ... ,
X" is a vector of coordinates (remember: Italicized, lower-case letters for coordinates and
unitalicized, lower-case letters for components).
Subspace

A subspace W of V is a nonempty subset of V which is itself a vector space. The
subspace must be over the same scalar field Fas V.

| nter section of Subspaces

Let W; and W, be subspaces of V. Then we define the intersection of W; and W, as

W,CW, =[XT V:XT W, andXT W, |. (2-2)

The intersection of any collection of subspaces is a subspace.
Let A be any subset of V, not necessarily a subspace. There exists subspaces W; |V
which contain subset A; that is, Al W;1 V. Theintersection of al subspaces which contain A is

denoted as

W, . (2-3)

Al W

It is the smallest (in terms of dimension) subspace that contains A.  Also, Span(A) is the smallest

subspace that contains the subset A; we write

(YW, =Span(A). (2-4)

Al W
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Sum of Subspaces

Let W, and W, denote subspaces of V. Define W, + W, as the set of all X; + X,, where

X1 WiandX,1 W,. Thesum W, + W, of subspacesis a subspace of V, and

Wl + Wz = Span(Wl E Wz) ’ (2'5)
where
W, EW, =[XT V:XT W, or XTWw,]. (2-6)

That is, W1 + W, is the smallest subspace that contains both W, and W,. Note that W; E W, is

not a subspace, in general.

Basis of Subspace

Given an m-dimensional subspace W in an n-dimensional spaceV, let

—

51, 5.2, sen gy am

be a basis of subspace W. By adding independent vectors, this basis can be extended to

abasisof V. That is, abasis for a subspace can be extended (by adding independent vectors) to a
basis for the whole space V.

Equality of Subspaces

Let W, and W, be subspaces of V. We say that W, and W, are equal if W, 1 W, and

W, 1 Wi Alternatively, W, = W, if both subspaces are spanned by the same finite dimensional
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basis. Findly, if subspaces W, and W, have the same finite dimension m, and W1 1 W, then W,
= Wz.

Dimension of Sum

Let W, and W, be subspaces of finite dimensiona V. Then

dim{ W, + W} = dim{W,} + dim{W5} - dim{W, C W}. (2-7)

EXAMPLE

Consider the vector space ®°. Define subspaces W1 = Span{[1 0 2]", [1 2 2]} and W, =
Span{[1 1 0]", [0 1 1]"}. Find abasisfor Wy C W,. Note that dim[W,] = dim[W,] = 2 so
W, and W, are planesin ®%. Now, W, and W both contain the origin, so W, C Wy isnot null.
Infact, W, C Wy isaline. SinceWi1 Wi+ W, 1 % we have 2 £ dim(W, + W,) £ 3. By
(2-7), we have 43 =1 £ dm( Wy C W, ) £ 42=2. Now, any X T W1 C W, must be

expressible in the form

X=a[102]+b[1 2 2]

, (2-8)
=c[t 1 0] +d[0 1 1
which requires that
atb=c
2b=c+d (2-9)
2a+2b=d

In terms of the variable a, the solution (2-9) is

b=-3a
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c=-2a (2-10)
d=-4a

Finally, we have the representation X = a[1 0 2]"- 331 2 2]" = 4-2 -6 -4]". Hence, the
subspace W, C W, = Span{[-2 -6 -4]"} = Span{[1 3 2]'}.

An important special case occurs when dim(W,; C W;) = 0. When W, C W, contains
only the zero vector we say that the sum W; + W, isdirect. The direct sum of the two subspaces
is denoted as W, A W,. For each X T W, A W5, X has the unique decomposition X = X; + X,
where X, T Wi and X1 Wo.

Direct sums can be extended to a finite number of subspaces. The sum of W;, W, ... \Wy

isdirect if for eachi, 1 £1i £ k, we have

W, G [é W,-) ={0} (2-11)

jti
In this case we write W, A W, A W3 A ... A W,. For the sum of W1, W, ... W, to be direct, it

is necessary and sufficient for dim{ W, + W, + ... + W, = dim{Wy} + dim{W} + ... + dim{ W} .

1fX1T W, AW,AW;A ... A W,, then we have a unique decomposition

(2-12)

X
1
g

.ﬂ

Whae)?iT W;.
If W, is a subspace of V, then there exists subspace W, such that V = W; A Wy;

however, W is not unique.
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Figure 2-1: Two subspaces whose direct sum is &°.

Linear Variety

Let W be a subspace of vector spaceV, and let XoT V but Xo i W. Then the set

(YT V:Y=X+Xo, X1 W} (2-13)

isatrandation of subspace W. Such atrandation is caled alinear variety (often called alinear

manifold and sometimes called aflat}; it is not a subspace.

&
£

Figure 2-2: Subspace and alinear variety.
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Inner Product of Vectors

Let X =[x X2 ... XJ"and¥Y =[y: V> .. yi' be n-dimensiona vectors, which are

generally complex valued. The inner product (also known as dot product) of X and Y is defined

(X,Y)= é Xy, =YX, (2-14)

where Vi, denotes the complex conjugate of y, and Y* denotes the transpose conjugate of Y. Let

X1, X», Y1, Y- be n-vectors, and let a, b be scdarsin 7. Then, we have

(aX, +bX,,Y)=a(X,,Y)+b(X,,Y), (2-15)

that is, the inner product islinear initsfirst entry. Also, we have

(XpaY, +bY,) =a(X,,Y,) +b(X,,Y,), (2-16)

that is, the inner product is conjugate linear in its second entry.

In the literature, the definition of, and notation for, the inner product varies. For example,

MatLab defines the function dot(X,Y) = XY = Y'X. That is, in MatLab, the complex conjugate

plays no role in the definition of inner product. In term of MatLab's definition, our definition is

<>2,\?> = dot( X, conj(Y)), (2-17)

where conj(Y) is MatLab's conjugate operation.
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Orthogonal Complement of Subspace

Let W denote a subspace of vector space V. Denote the orthogonal complement of W as

W (called "W purp") as

w“:[XTv:<>2,\?>:0fora||\?Tw]. (2-18)

W is a subspace, and vector space V can be decomposed as
V=wWAW". (2-19)

We say that W and W" are orthogonal complements since they are orthogonal to one another and

they decompose the space V according to (2-19).

Vector Norms
Generally, avector normisafunction || |: V ® £ that satisfies

1) ||>”<||3 0foral X1 Vand ||>Z|| =0 if and only if X = 0.

2) X+ Y| £ X[ +[Y] (thisisthetriangle inequality)

3) |aX| =[al[X] foral XT Vv andains.

A vector norm isaway to assign "size" or "length" to a vector.
A useful class of vector norms is the p-norms defined by

||X||p :(|x1|p +|x2|p+ +|Xn|p)ﬂp, p3 1, (2-20)

where X =[x; Xz ... X)]". Of thisclass of norms, the most useful are
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%], =+l + -+,

X|, = b+l + -+ = (X)) (2-21)

X| =max|x;| (caled the"infinity norm")
¥ 1fign

The 2-norm HXHZ is often caled the Euclidean norm. In what follows, the 2-norm isthe

default. If thekind of norm isnot specified in aresult, assume that the 2-norm is used.

The p-norms satisfy the Holder Inequality

& s ] |, where L+ =1, e2)

and y; denotes the complex conjugate of y;. For p = 2, the Holder Inequality is known as the
Cauchy-Schwarz Inequality.
THEOREM 1 (Cauchy-Schwar z)

Let X and Y be arbitrary vectors in vector space V. Then (remember: use the 2-norm if not

stated otherwise)

(V) £X] V] (2-23)

The Cauchy-Schwarz inequality assigns an upper bound on the inner product.
Proof:

The result isobviousif X =0 and/or Y = 0. Hence, assume nonzero vectors in this proof. Let a

be areal-valued variable and write
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@ (b)

Figure 2-3: Plotsof f(a) = H)?Hzaz +2Ref(X, Y )]a +H\?H2. Fig. (a) depicts two real equal roots
at ap. Fig. (b) impliesthat the roots are complex valued.

lax +¥]" = (aX +¥,a% +Y¥) = (aX" +¥")(@X +¥)
(2-24)
= H)?H%Z + 2Re[<)?,\?>]a + “\?“2 30

Thisis quadratic in read a; plotted as a function of a, it opens upwards and only touches, or lies
entirely above, the a axis. Hence, the quadratic in (2-24) has only real equal roots or complex-

valued roots. Asaresult, the discriminate is nonpositive. That is

aRe(X, Y}~ 4lX| V[ £0 (2-25)
or
Re((X, Y} £[X]]¥]. (2-26)

Now, define the complex-valued constant

c:W/KX\?}‘ (2-27)
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where W denotes the complex conjugate of the inner product <)?\?> . Now, from (2-26),
observe that ‘Re[<c)?,\?>}‘ £ ||c)?|| ||\?|| or

Re(e[X,Y | £[d[X]|¥]. (2-28)

But note that

6=[(%.7)|/|(x.)|=1

so that (2-28) yields ‘<>”<\?>‘ £|X| V| asclamed©

The Cauchy-Schwarz inequality goes by various names, in the literature. Some authors
cal it the Cauchy Inequality while others call it the Schwarz Inequality (the Russian literature
assigns the name(s) of one or more Russian mathematicians to the inequality).

The Cauchy-Schwarz inequality is used in many applications in engineering and the applies
sciences. For example, the set of all real-valued random variable with finite second moments is a
vector space (it is an example of a Hilbert Space). For this vector space or random variables, we

define <>?\?> = E[XY] md||X|| = /E[X?] so that the Cauchy-Schwarz inequality becomes

X,V £ X EY?, (2-29)

a standard inequality given in most probability books.

Angle Between Vectors

The notion of dot product in &% and ®° is discussed in most books on elementary statics

and/or physics. In these books, the dot product of vectors X and Y is defined as
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- X
Y
A/a\
0
Figure 2-4: The angle between
two vectors.
(X,Y)° %I, cosa, (2-30)

where g is the angle between the vectors. We generalize this notion to £", and define the angle

between X T ®"and Y 1 %" as the quantity q which satisfies

%)

TG (2-31)
||X||2”Y||2

cosq °

By the Cauchy-Schwarz inequality, we know that the right-hand-side of this expression is equal
to, or less than, unity, so cosq exists. Furthermore, the angle q is not changed if X and Y are
replaced by aX and bY, where a and b are any non-zero real numbers. Usudly, angle q is not
defined for vector spaces that employ the field of complex numbers (since the right-hand side of
(2-31) would be complex-valued, in generd).

MatL ab's Norm Function

MatLab supports the p-norm. The syntax for the p-norm is nor m( X, p) . In MatLab,
norm( X, i nf) vyields the infinity norm. The default is the 2-norm; the MatLab statement
nor m( X) isinterpreted as nor n{ X, 2) .

Gram-Schmidt Procedure

Let X1, Xz, ... , Xn, be n linearly independent vectors in an n-dimensional space. These

vectors can form a basis for the space.  They can be used to form n mutually orthogonal vectors

CH2.DOC Page 2-13




EE448/528 Class Notes Version 1.0 John Stensby

Y1, Yo ..., Yo by using the Gram-Schmidt Procedure. To form Yy, you start with X, and

subtract out the component in each of the directions X1, Xo, ... , Xi1. Theformulas for this are

o g % Y Y.
Yo =Xo- (X5, '3 L
e < i ||Y1||z>||Y1||2

o Y Y. > Y Y,
o (15 ] (350 5
il Y4, Y2, [Y2], (2-32)

V=X (XY i g ¥ Y . ¥ V.
Yh=Xp- (Xp, ' J —1-<X,% >_2_ ..._<X,n% > n-1
o= (o o vt (o B~ o Ao

This procedure can be modified easily to produce Y1, Yo, ..., Y. that are orthonormal (orthogonal

and unit length). The formulas are

. (2-33)

Yo =7= - -
i [X3- (X3, Y1)V~ (X5,Y2)Y]

Y. = f(” <Xn Y1>?1 <Xna?2>?2 <>2n ?n 1>?n 1
n Hxn (XnY1)¥1- (X, ¥2)¥2 (X, ¥n-1)¥n 1”2
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In an n-dimensional space, let Xy, Xo, ... , X;, where r < n, be a mutually orthonormal set of r
vectors. Then, this set can be extended to an orthonormal basis of the vector space.

1) Extend the set to abasis. Find X,.1, ... , X, so that the n vectors Xi, Xa, ... , X1, Xrs1, oo s Xn
are independent.

2) Apply Gram-Schmidt, in the form of (2-33), to obtain an orthonormal basis this set of n vectors
Y, Yy .., Y

Example

Consider the following basis of %

1 0 0
)_{1—1, )22:1,)2320
1 1 1
B, 1/43
?1:>% =|1/ /3 | isthe first normalized vector.
”Xl"z 1/\@
o /43| [-2/3
Compute the intermediate vector U, © X5 - (X5,¥q)Y1=|1|- NG 1/+/3|=| 1/3 | sothat
1 1//3| | 1/3
. -2//6
\?2:% =| 1/4/6 | isthe second normalized vector. Compute the intermediate vector
||U2||2 1/\/6
I 1/4/3 . -2//6 0
Uz® X3- <)23,?1>?1- <X3,?2>?2: 0|- Ne 1/+/3]- 76 1/46 |=|-1/2| sothat
1 1/4/3 1/J6 | | 1/2
. 0
Y3 = & =|-1/+/2 | isthe third normalized vector.©
G | 12
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Linear Transformations

Let n-dimensiona U and m-dimensiona V be vector spaces over the same field 7. A

linear transformation T of U into V isasingle valued mapping of U into V which associates with

eachX T UauniqueY =T(X)1 V suchthat for all X; and X, in U and al scalarsa; and @, in

we have

T(aX1 + a-X2) = a;T(X4) + a,T(Xy). (2-34)

—

Forany X 1 U, wecal Y = T(X) theimageof X under T. Forany Y1 V wecdl {XT U:Y =
T(X)} theinverseimage of V.

Generally, the inverse image of Y can be multidimensiond (i.e., Figure 2-5b is OK); there
may be morethan one X T U that mapsto agiven Y I V. However, transformation T : U ® V

is said to be one-to-one if for all X; 1 X, we have T(Xy) t T(X>) (i.e, if T is one-to-one, then
Figure 2-5b never happens).

Let A be asubset of vector space U. T(A) denotes the set of all images of elements of A.

TA)={YT V:Y=T(X), X1 A} (2-35)
Not OK

Figure 2-5: Linear Transformation of U into V. Mappings @) and b) are, and mapping c) is not,
permissible.
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T(A) iscdled theimage of A.

If T(U) =V, wesay that T isamapping fromU onto V. T isamapping from U onto V if

foreachY 1 V thereexistsan X 1 U suchthat Y = T(X).

Suppose T : U ® V is both one-to-one and onto. Then, T has an inverse, denoted as T™,
and T is alinear transformation mapping V onto U (T : V ® U). If T: U ® V isnot both
one-to-one and onto, then an inverse does not exist.

Regardless of whether or not T is one-to-one or onto, T(U) is a subspace called the range
of T. We write R(T) to denote the range of T (note that R(T) = T(U); however, we will use

R(T) to denote the range of T). Symbolicaly, the range of T can be expressed as

R(T)=[Y =T(X) : X1 U] (2-36)
Thedimension of R(T) iscaledtherank of T. Let n=dim(U) and m =dim(V). Then

Rank of T £ min(m, n) (2-37)

The kernel of T : U ® V, denoted as K(T), contains al the vectors in U that map to 0;

that is,

K(T)={X1 U: T(X)=0}. (2-38)
The kernel is a subspace of U, and the dimension of K(T) is called the nullity of T.

Each X T U maps to a non-zero vector in the R(T), or it isin K(T). Hence, it is easy to

argue that

Rank(T) + Nullity(T) = n = dim(U) (2-39)
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Also argued easily arethefactsthat T : U ® V isone-to-oneif and only if Nullity(T) =0,and T :
U® Visontoif and only if Rank(T) = m =dim(V).

Special Cases

1) dim(U) =n<dim(V) =m. Then Rank (T) =n- Nullity(T) En<mso T cannot beonto. If T
transforms a space to a higher dimensional space then it cannot be onto.

2) dim(U) = n >dim(V) =m. Then Nullity (T) =n- Rank(T) 3 n-m>0so T cannot be one-
to-one. If T transforms a space to alower dimensional space then it cannot be one-to-one.

Existence and Uniqueness of Linear Transfor mations

Let @y, @y, ... , an be abasis of ndimensiona U. Let Yy, Yo, ..., Y, beany vectorsin V
(not necessarily independent). Then there exists a unique linear transformation T : U ® V such
that T(a) = Y«, 1 £ k £ n. Here, the independence of the vectors ai, as, ... , an is crucia in
establishing the existence of T with the desired properties. A linear dependence among the ay’s
would impose a linear dependence on the T(ay)'s so that the Y,'s could not be specified
arbitrarily.

Let ay, @y, ... , a, be linearly independent vectors in U, and assume that r < n = dim(U).
Let Y1, Yo, ..., Y, be any vectorsin V (not necessarily independent). Then there exists a linear
transformation T : U ® V such that T(aw) = Yy, 1 £ k £ r. However, the transformation may not

be unique.
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